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Exercise 14

Repeat Exercise 11 for |z|.

Solution

The Complex Fourier Series

The complex Fourier series of |z| is

o0

‘l‘|: Z Cneinﬁx/l. (1)

n=—oo

To determine the coefficients ¢, multiply both sides by e~ ™™/l where m is an integer. We
assume that n # m for now.

o0
’x‘efimﬂx/l — Z Cneinﬂw/lefimﬂ'z/l
n=-—o00
Integrate both sides with respect to = over the interval (—I,1).
/ ‘x|€—zm7rm/l dr — / Z Cneznﬂ'x/le—zmwm/l dr
=l =0

In order to evaluate the integral on the left side, we have to split it over two intervals—one where
x is negative and one where x is positive. Bring the constants in front of the integral on the right
side.

0 l 0o ;
/ (_.,E)e—imwx/l dr +/ (x)e—imﬂx/l dr = Z Cn/ ei(n—m)wx/l d
) 0 L .

Integration by parts can be used to solve the integrals on the left, but there is a better way: Write
the integrands as derivatives with respect to m.

/O ii e—imﬂ'x/l dx + /l _Li e—imwx/l dr = i c /l ei(n—m)wx/l dz
_; \im Om 0 i Om _n:ﬂo "]

Bring the constants and derivatives in front of the integrals. Integration eliminates the x variable,
so total derivatives are used in front of the integrals.

Li 0 6—im7rz/l dr — Li le—z’mwm/l dr — i c /l 6i(n—m)wm/l dr
irdm J_; imdm Jq = "]

Multiply both sides by 7/l and factor the derivative.

d 0 Lo I~ y
% (/;l e—zmﬂx/l dr _/(; e—zmﬂ'x/l d(L‘) _ T Z cn /_l ez(n—m)ﬂ'x/l dr

n=—oo
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Evaluate the integrals.

i < ! e—imwz/l

dm \ —imm

0 l i
e—zmmﬁ/l

_; —immw

Multiply both sides by iw/l again.

0 l
+ le—immﬁ/l

2 o)
i _ie—imww/l _ T Z cn 1 (n—m)mz/l
dm\ m om 0 ? —= i(n —m)m/l _
Now plug in the limits.
d 11 1 1 2 & 1 . .
i imm S mimm ) = qpin—m)r _ _—i(n—m)m
dm < m+m6 +me m) 12 nz_:oocn i(n—m)ﬂ/l[e c ]
Simplify the left side.
d 1 . . 2 & 1 . .
Y S imn —imr _9y| — _ . i(n—m)r _ _—i(n—m)7m
dm [m(e e )] 12 nz_:ooc i(n —m)m/l le ° ]

Use Euler’s formula to write each exponential function in terms of sine and cosine.

1
i —(cosmm + TSImmAE + cosmm — 1 SimmaE — 2
d
m | m
R
:—pn;OOCn'(ﬂ_/l{/W“‘ZSID n—m) ]
—M—I— isin[(n —m)w|}
—_

=0

We find that every term in the infinite series is zero if n # m as a result of the integral. The
n = m term is all that remains on the right side.

d |1 w2 !
2 —2 —tn | €d
T [ (2cosnm )] -3¢ /_le T

Divide both sides by 2 and evaluate the integral on the right side.

i cosnm — 1 __LQ o]
dn n a 2l26n

Evaluate the derivative using the quotient rule.

=0 — (71)71
- N - wthupn 2
—nmsinnm — cosnw +1 T

Simplify the left side.
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Solving for ¢,, we have

l 1_(_1)n 0 n even
n =773 2 L2 '
T™n

Clearly this formula is valid only when n # 0. To find ¢y, integrate both sides of equation (1) with
respect to  over the interval (—[,1).

/]:U|dw—/ Z e dy

n=—oo

0 l
/ (—ac) d.%'—l—/ (;p) d_r:/ ( Z c eznﬂaﬂ/l+co+zc eznwx/l) dx
= 0 n=—00
_/ $d$+/ rdr = Z Cn/ znwx/ldw+/ COde"“E / znwx/ldx

n=—00
210 2! —1 ! l
x x L L
_ + — E Cp - ezrmz/l +co- 2l + § - eznwz/l
2\ 2 mnm _ mm 1
n=—00 n=1
12 l2

_ c ! inm —inT = ! nm —inm
St5= ;cn%(e —e )+co-2l+n§:10nm(e —e ")

21 21
2 _ ; , '
I“ = E Cn (sinnm) + co - 21 + g Cn (sinnm)

n=—00 =0 n=1 =0

2 =¢-21

So then

C(]Zi.

Now that all coefficients have been determined, the Fourier series is known.

oo
‘iL‘|: Z Cneimr:c/l

n=—oo

_ Z c eznwx/l_i_zc eznﬂx/l+ Z cn eznwx/l

n even n odd

=co+ Z C2n_16i(2n71)7rm/l

n=—0oo

2 i(2n—1)mx/l
+Z< >n—1)26( ra/

n=—oo

[\

Therefore, the complex Fourier series of |z| on (—I,1) is

oo

l 21 1 -
— _ s i2n—1)wz/l
|z| 5 2 E (2n — 1)26 .
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The Real Fourier Series

To obtain the real Fourier series, split up the sum.

) 1 <1
‘x’ _ L _ = Z (7€i(2n—1)7r:c/l + e—iﬂ':c/l + Z ei(2n—1)7rx/l]

2 w2 | 4~ (2n—1)? — (2n—1)?
Substitute n = —k in the first sum and n = k in the last sum.
ro—-1
I 2l 1 1 ;
_ = [2( k)—1]rx/l —imx/l i(2k—1)ma/l
2 72 _k;m 2(—k) —12¢ te ; ok —1)2° ]

k essentially runs from 1 to oo in the first sum.

_ ! 2l & —i(2k+1)mx/l —imx/l 1 1(2k—1)ma/l
To TR Zl%ﬂ T +Z (2k —1)2°

s

The second term in square brackets occurs when k£ = 0 in the first sum.

oA 1 . N
- _ = —i(2k+1)mwz/l i(2k—1)mx/l
2 w2 kzo(21<:+1)26 +;(2k—1)26 ]

Substitute k = 7 — 1 in the first sum and k& = j in the second sum.

I 2 | &
=3 2|27
jl

:i_il i (25— 1w$/l+z; i(25—1)mx/l
2 72 = 2]—1 (25 —1)2

—i[2(j—1)+1]mx/l i(2j—1)mx/l
0 ]71 +1] +Z ]fl)e

Combine the two sums.

:l Z # 125wz /l ;ei@j—l)wm/l
(25

5_7 —1)2 (2j—1)2

Factor the summand.

(e}
_L_2 Z ¥[e—i(2j—l)7rx/l + ei2i-Nma/)

2 (2j —1)2

l 4l 1 i(2j—1)7rx/l +€—i(2j—l)7rx/l
T2 a2 e (2; —1)2 2
L4 1 cos (2j — )7z
T2 x2 = < (2j —1)? l

Replacing the dummy index j with n, therefore, the real Fourier series for |z| on (—1,1) is

I 4 1 (2n — 1)mz
|z = 08
2 2 = (2n— 1) l
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Figure 1: This is a sample plot of y = |z| on (—3,3) in blue. An approximation to the Fourier
series of |z| is plotted in red, where only the first 3 terms in the infinite series have been used.
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